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Abstract
In this paper, we explore dynamics of the nonholonomic system called vakonomic
mechanics in the context of Lagrange-Dirac dynamical systems using a Dirac structure
and its associated Hamilton-Pontryagin variational principle. We first show the link be-
tween vakonomic mechanics and nonholonomic mechanics from the viewpoints of Dirac
structures as well as Lagrangian submanifolds. Namely, we clarify that Lagrangian sub-
manifold theory cannot represent nonholonomic mechanics properly, but vakonomic
mechanics instead. Second, in order to represent vakonomic mechanics, we employ the
space TQ×V ∗, where a vakonomic Lagrangian is defined from a given Lagrangian (pos-
sibly degenerate) subject to nonholonomic constraints. Then, we show how implicit
vakonomic Euler-Lagrange equations can be formulated by the Hamilton-Pontryagin
variational principle for the vakonomic Lagrangian on the extended Pontryagin bundle
(TQ ⊕ T ∗Q) × V ∗. Associated with this variational principle, we establish a Dirac
structure on (TQ ⊕ T ∗Q) × V ∗ to define an intrinsic vakonomic Lagrange-Dirac sys-
tem. Furthermore, we establish another construction for the vakonomic Lagrange-Dirac
system using a Dirac structure on T ∗Q × V ∗, where we introduce a vakonomic Dirac
differential. Lastly, we illustrate our theory of vakonomic Lagrange-Dirac systems by
some examples such as the vakonomic skate and the vertical rolling coin.
Keywords and phrases: Dirac structures, vakonomic mechanics, nonholonomic mechan-
ics, variational principles, implicit Lagrangian systems.
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1 Introduction
Some Backgrounds. In conjunction with optimal control design, much effort has been
concentrated upon exploring geometric structures and variational principles of constrained
systems (see, for instance, Lanczos [1949]; Arnold [1988]; Giaquinta and Hildebrandt [1996];
Jurdjevic [1997]; Marsden and Ratiu [1999]; Bloch [2003]). The motion of such constrained
systems may be subject to a nontrivial distribution on a configuration manifold. For the
case in which the given distribution is integrable in the sense of Frobenius’s theorem, the
constraint is called holonomic, otherwise nonholonomic. It is well known that equations of
motion for Lagrangian systems with holonomic constraints can be formulated by Hamilton’s
variational principle by incorporating holonomic constraints into an original Lagrangian
through Lagrange multipliers. On the other hand, Hamilton’s variational principle does not
yield correct equations of motion for mechanical systems with nonholonomic constraints,
but induces different mechanics instead. The correct equations of motion for nonholonomic
mechanics can be developed from the Lagrange-d’Alembert principle. In other words, there
are two different mechanics associated with systems with nonholonomic constraints. The
first one is based on the Lagrange-d’Alembert principle and the corresponding equations of
motion are called nonholonomic mechanics. The second one is called vakonomic mechanics
(mechanics of variational axiomatic kind), which is purely variational and was developed
by Kozlov [1983]; the name of vakonomic mechanics was coined by Arnold [1988]. Needless
to say, both approaches are essentially different from the other: interesting comparisons
between both of them can be found in Lewis and Murray [1995]; Corte´s, de Leo´n, Mart´ın
de Diego, and Mart´ınez [2003].
Nonholonomic mechanics has been studied from the viewpoints of Hamiltonian, La-
grangian as well as Poisson dynamics (see Koon and Marsden [1997]). Indeed, nonholonomic
mechanics has many applications to engineering, robotics, control of satellites, etc., since
it seems to be appropriate to model the dynamical behavior of phenomena such as rolling
rigid-body, etc. (see Neimark and Fufaev [1972]). On the other hand, vakonomic mechanics
appears in some problems of optimal control theory (related to sub-Riemannian geometry)
(Bloch and Crouch [1993]; Brockett [1982]), economic growth theory (de Leo´n and Mart´ın
de Diego [1998]), motion of microorganisms at low Reynolds number (Koiler and Delgado
[1998]), etc. A geometric unified approach was developed in de Leo´n, Marrero and Mart´ın
de Diego [2000].
In mechanics, one usually starts with a configuration manifold Q; Lagrangian mechanics
deals with the tangent bundle TQ, while Hamiltonian mechanics with the cotangent bundle
T ∗Q. It is known that nonholonomic and vakonomic mechanics can be described on extended
spaces because of the presence of Lagrange multipliers. An interesting geometric approach
to Lagrangian vakonomic mechanics on TQ × Rm may be found in Benito and Mart´ın de
Diego [2005], while an approach on T (Q × Rm) may be found in Mart´ınez, Corte´s and de
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Leo´n [2000]. In particular, since an extended Lagrangian on TQ × Rm or T (Q × Rm) is
clearly degenerate, we have to explore its dynamics by using Dirac’s theory of constraints
(see Dirac [1950]). Another interesting approach may be found in Corte´s, de Leo´n, Mart´ın de
Diego, and Mart´ınez [2003], where the authors depart from TQ⊕T ∗Q, and its submanifold
W0 = ∆Q×QT ∗Q, where ∆Q ⊂ TQ, in order to develop an intrinsic description of vakonomic
mechanics.
As shown in Yoshimura and Marsden [2006a], degenerate Lagrangian systems with non-
holonomic constraints may be described, in general, by a set of implicit differential-algebraic
equations, where a key point in the formulation of such implicit systems is to make use of the
Pontryagin bundle TQ⊕T ∗Q, namely the fiber product (or Whitney) bundle TQ⊕T ∗Q. To
the best of our knowledge, the Pontryagin bundle was first investigated in Skinner and Rusk
[1983] to aid in the study of the degenerate Lagrangian systems, which is the case that we
also treat in the present paper. The iterated tangent and cotangent spaces TT ∗Q, T ∗TQ,
and T ∗T ∗Q and the relationships among these spaces were investigated by Tulczyjew [1977]
in conjunction with the generalized Legendre transform, where a symplectic diffeomorphism
κQ : TT
∗Q → T ∗TQ plays an essential role in understanding Lagrangian systems in the
context of Lagrangian submanifolds. The relation between these iterated spaces and the
Pontryagin bundle was also discussed in Cendra, Holm, Hoyle and Marsden [1998]. Fur-
thermore, Courant [1990b] investigated the iterated spaces TT ∗Q, T ∗TQ, and T ∗T ∗Q in
conjunction with the tangent Dirac structures.
The notion of Dirac structures was developed by Courant and Weinstein [1998]; Dorf-
man [1987] as a unified structure of pre-symplectic and Poisson structures, where the original
aims of these authors were to formulate the dynamics of constrained systems, including con-
straints induced from degenerate Lagrangians, as in Dirac [1950, 1964], where we recall that
Dirac was concerned with degenerate Lagrangians, so that the image P ⊂ T ∗Q of the Leg-
endre transformation, called the set of primary constraints in the language of Dirac, need
not be the whole space. The canonical Dirac structures can be given by the graph of the
bundle map associated with the canonical symplectic structure or the graph of the bundle
map associated with the canonical Poisson structure on the cotangent bundle, and hence
it naturally provides a geometric setting for Hamiltonian mechanics. It was already shown
by Courant [1990a] that Hamiltonian systems can be formulated in the context of Dirac
structures, however, its application to electric circuits and mechanical systems with non-
holonomic constraints was studied in detail by van der Schaft and Maschke [1995], where
they called the associated Hamiltonian systems with Dirac structures implicit Hamiltonian
systems. On the other hand, Yoshimura and Marsden [2006a] explored on the Lagrangian
side to clarify the link between an induced Dirac structure on T ∗Q and a degenerate La-
grangian system with nonholonomic constraints and they developed a notion of implicit
Lagrangian systems as a Lagrangian analogue of implicit Hamiltonian systems. Moreover,
the associated variational structure with implicit Lagrangian systems was investigated in
Yoshimura and Marsden [2006b], where it was shown that the Hamilton-Pontryagin principle
provides the standard implicit Lagrangian system. Another recent development that may
be relevant with the Dirac theory of constraints was explored by Cendra, Etchechouryb and
Ferraro [2011] by emphasizing the duality between the Poisson-algebraic and the geometric
points of view, related to Dirac’s and of Gotay and Nester’s work.
Goals of the Paper. The main purpose of this paper is to explore vakonomic mechanics,
in the Lagrangian setting, both in the context of the Dirac structure and its associated
variational principle called the Hamilton-Pontryagin principle. Another important point
that we will clarify is the link between Dirac structures and Lagrangian submanifolds for
the case of vakonomic mechanics. The organization of the paper is given as follows:
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In §2, we will briefly introduce the geometric setting of the iterated tangent and cotan-
gent bundles as well as the Pontryagin bundle. In §3, we will shortly review the Lagrangian
submanifold theory for mechanics and will show that nonholonomic mechanics cannot be
formulated on Lagrangian submanifolds, since the pullback of a symplectic two-form to the
submanifold does not vanish. In §4 we will review Dirac structures in nonholonomic me-
chanics, by using the induced Dirac structure on the cotangent bundle and we will show
how a degenerate Lagrangian system can be developed in the context of Dirac structures,
together with the associated Lagrange-d’Alembert principle. In §5, we will consider the
extended tangent bundle TQ × V ∗, where an extended Lagrangian L, called vakonomic
Lagrangian, is defined in association with a given Lagrangian L on TQ and with nonholo-
nomic constraints. Then we will show that the vakonomic dynamics on (TQ ⊕ T ∗Q) × V ∗
can be obtained by the Hamilton-Pontryagin principle for L, which yields the implicit vako-
nomic Euler-Lagrange equations. In parallel with this variational setting, taking advantage
of the presymplectic structures constructed on (TQ ⊕ T ∗Q) × V ∗, we will illustrate how
the vakonomic analogue of the Lagrange-Dirac systems can be intrinsically developed by
making use of the Dirac structure on (TQ ⊕ T ∗Q) × V ∗. We shall also show another
construction of the vakonomic Lagrange-Dirac system by employing a Dirac structure on
T ∗Q× V ∗. To do this, we make use of the Dirac differential of L, where we introduce two
maps Ω̂[ : T (T ∗Q× V ∗)→ T ∗(T ∗Q× V ∗) and γ˜Q : T ∗(T ∗Q× V ∗)→ T ∗(TQ× V ∗) among
the iterated bundles T ∗(T ∗Q × V ∗), T (T ∗Q × V ∗) and T ∗(TQ × V ∗). It will be proved
that the vakonomic Lagrange-Dirac system leads to the implicit vakonomic Euler-Lagrange
equations. The section is closed with the main result of this paper, Theorem 5.11, where
we summarize vakonomic mechanics can be formulated by Dirac structures as well as the
Hamilton-Pontryagin variational principle. In §6, we will demonstrate our theory by some
examples such as the vakonomic particle, the vakonomic skate and the vertical rolling disk
on a plane. In §7, we will give some concluding remarks and future works.
Hamilton’s Principle for Holonomic Lagrangian Systems. Before going into details,
let us briefly recall the variational principle for constrained Lagrangian systems. First con-
sider the case in which holonomic constraints are given. Let Q be a smooth n−dimensional
manifold. Let L : TQ → R be a Lagrangian and let ∆Q be a constraint distribution on Q
given for each q ∈ Q as
∆Q(q) = {vq ∈ TQ | 〈µα(q), vq〉 = 0, α = 1, ...,m < n} ,
where µα are m independent one-forms that form the basis for the annihilator ∆◦Q ⊂ T ∗Q.
In this paper, we assume that every distribution is regular, namely, it has constant rank at
each point and is smooth unless otherwise stated. It follows from Frobenius’s theorem that
∆Q is integrable or holonomic if for any vector fields X,Y on Q with values in ∆Q, [X,Y ]
is a vector field that takes values in ∆Q. Then, the submanifold ∆Q may be described by
a foliation N ⊂ Q such that, for each q ∈ Q,
∆Q(q) = TqN,
where there exist smooth local functions ϕα : Q→ R as
ϕα(q) = const, α = 1, ...,m;
and µα = dϕα at each point in q ∈ Q.
Let us define an extended Lagrangian L : TQ× Rm → R by
L(q, q˙, λ) := L(q, q˙) +
m∑
α=1
λαϕ
α(q),
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where (q, q˙) are the local coordinates of TQ and λα are the Lagrange multipliers, which
may be regarded as new variables. It follows from Hamilton’s principle that the stationarity
condition for the action integral ∫ t2
t1
L(q(t), q˙(t), λ(t))dt
induces equations of motion for the holonomic Lagrangian mechanical systems (see Gi-
aquinta and Hildebrandt [1996]; Yoshimura [2008]):
d
dt
∂L
∂q˙
=
∂L
∂q
+
m∑
α=1
λα
∂ϕα(q)
∂q
,
ϕα(q) = 0.
Regarding the repeated indices such as α in the above equations, we will employ Einstein’s
summation convention in this paper unless otherwise noted.
Conventional Setting for Vakonomic Systems. Let φα : TQ → R be a set of m
smooth functions, where α = 1, ...,m, by which the constraints φα = const define a (2n −
m)−dimensional submanifold ∆Q ⊂ TQ.
As in holonomic Lagrangian systems, let us define an extended Lagrangian L : TQ ×
Rm → R by
L(q, q˙, λ) := L(q, q˙) + λαφ
α(q, q˙). (1.1)
Now, it is known that Hamilton’s principle for the action functional in the above does not
provide correct equations of motion for the nonholonomic Lagrangian mechanical system,
but some other dynamics called vakonomic mechanics (see Arnold [1988]). The correct
equations of motion for nonholonomic Lagrangian mechanics can be given by Lagrange-
d’Alembert principle.
Again, let (q, q˙, λ) be local coordinates for TQ×Rm and consider the action functional
given by ∫ t2
t1
L(q(t), q˙(t), λ(t)) dt.
Keeping fixed the endpoints of the curve q(t), t ∈ I = [t1, t2], i.e., q(t1) and q(t2) fixed,
whereas λ(t1) and λ(t2) of λ(t) are allowed to be free, the stationary condition of the above
action functional provides the vakonomic Euler-Lagrange equations
d
dt
(
∂L
∂q˙
)
− ∂L
∂q
= 0,
∂L
∂λα
= 0,
which induce the usual equations of motion of vakonomic dynamics:
d
dt
(
∂L
∂q˙
+ λα
∂φα
∂q˙
)
=
∂L
∂q
+ λα
∂φα
∂q
,
φα(q, q˙) = 0.
(1.2)
Now, let us illustrate the vakonomic setting with several applications.
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Optimal Control Theory. An optimal control problem is described by the following
data (see de Leo´n, Mart´ın de Diego, and A. Santamar´ıa-Merino [2007]; Jime´nez, Kobilarov
and Mart´ın de Diego [2013]): a configuration space B giving the state variables of the
system, a fiber bundle pi : N → B where fibers describe the control variables, a vector field
Y : N → TB along the projection pi, and a cost function C : N → R. We consider the
solutions of the optimal control problem the curves γ : I ⊂ R→ N such that pi ◦γ has fixed
endpoints (that is, if b(t) is a curve, then b(t1) and b(t2) have fixed values), extremize the
action functional ∫ t2
t1
C(γ(t)) dt,
and satisfy the differential equation
d
dt
(pi ◦ γ) = Y ◦ γ,
which rules the evolution of the state variables.
It is easy to show that this is indeed a vakonomic problem on the manifold N . The
constraint submanifold M ⊂ TN , given by the above-mentioned differential equation, is
defined by
M = {vn ∈ TN |Tpi(vn) = Y (n) , n ∈ N} .
The previous description of an optimal control problem determines the following commuta-
tive diagram:
N
Y //
pi
  
TB
τB}}
B
In the above, τB : TB → B is the canonical projection. Notice that M plays the role of ∆Q,
TN the role of TQ and C the role of the Lagrangian function L in the setting of vakonomic
mechanics.
In conjunction with optimal control, we remark that Pontryagin’s maximum principle
is the machinery that gives necessary conditions for solutions of optimal control problems
(see Pontryagin, Boltyanski˘ı, Gamkrelidze and Mishchenko [1962]; Sussmann [1998]), which
is relevant with variational principles for vakonomic dynamics in this paper.
Sub-Riemannian Geometry. A sub-Riemannian structure on a manifold is a general-
ization of a Riemannian structure, where the metric is only defined on a vector subbundle
of the tangent bundle. In such a case, the notion of length is only assigned to a sub-
class of curves, namely, curves with tangent vectors belonging to the vector subbundle at
each point (see Langerock [2003]; Montgomery [2002]). More precisely, consider an n-
dimensional manifold Q equipped with a smooth distribution ∆Q(q) with constant rank
n −m at each point q ∈ Q. A sub-Riemannian metric on ∆Q consists of giving a positive
definite quadratic form gq on ∆Q smoothly varying in Q. We will say that a piecewise
smooth curve γ : I = [t1, t2] ⊂ R → Q is admissible if γ˙(t) ∈ ∆Q for all t ∈ I. Using the
metric g, it is possible to define the length l(γ)
l(γ) =
∫ t2
t1
√
g(γ˙(t), γ˙(t)) dt,
for admissible curves γ : I → Q. From this definition, we can define the distance between
two points q1, q2 ∈ Q as
d(q1, q2) = infγ (l(γ)) ,
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if there exists admissible curves connecting q1 and q2. A curve which realizes the distance
between two points is called a minimizing sub-Riemannian geodesic. Let µ1, ..., µm be a basis
of one-forms for the annihilator ∆◦Q. Then, an admissible path must verify the nonholonomic
constraints
〈µα(γ), γ˙〉 = 0, α = 1, ...,m. (1.3)
Therefore, it is clear that the problem to minimize sub-Riemannian geodesics is exactly
the same as the vakonomic problem determined by the Lagrangian L = 12 g and with the
nonholonomic constraints (1.3).
2 Iterated Tangent and Cotangent Bundles
In this section we recall some basic geometry of the spaces TT ∗Q, T ∗T ∗Q and T ∗TQ, as
well as the Pontryagin bundle TQ ⊕ T ∗Q. These spaces are needed for the construction
of Lagrangian mechanics on the tangent bundle TQ and Hamiltonian mechanics on the
cotangent bundle T ∗Q in the context of Lagrangian submanifold theory. In particular, there
are two diffeomorphisms among T ∗TQ, TT ∗Q and T ∗T ∗Q that were originally developed
by Tulczyjew [1977] for the generalized Legendre transform.
Diffeomorphism between TT ∗Q and T ∗TQ. Now, we are going to define a natural
diffeomorphism
κQ : TT
∗Q→ T ∗TQ.
In a local trivialization, Q is represented by an open set U in a linear space V , so that TT ∗Q
is represented by (U ×V ∗)× (V ×V ∗), while T ∗TQ is locally given by (U ×V )× (V ∗×V ∗).
In this local representation, the map κQ will be given by
(q, p, δq, δp) 7→ (q, δq, δp, p),
where (q, p) are local coordinates of T ∗Q and (q, p, δq, δp) are the corresponding coordinates
of TT ∗Q, while (q, δq, δp, p) are the local coordinates of T ∗TQ induced by κQ.
Consider the following two maps:
TpiQ : TT
∗Q→ TQ, piTQ : T ∗TQ→ TQ,
which are the obvious maps and recall that piQ : T
∗Q→ Q is the cotangent projection. The
commutative condition used to define κQ is the following diagram:
TT ∗Q
κQ //
TpiQ ##
T ∗TQ
piTQ{{
TQ
Namely,
piTQ ◦ κQ = TpiQ.
Local Representation. In a natural local trivialization, these maps are readily checked
to be given by
TpiQ(q, p, δq, δp) = (q, δq),
piTQ(q, δq, δp, p) = (q, δq),
τT∗Q(q, p, δq, δp) = (q, p).
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Diffeomorphism between T ∗T ∗Q and TT ∗Q. Let ΩT∗Q be the canonical symplectic
form on the cotangent bundle T ∗Q. There exists a natural diffeomorphism given by
Ω[T∗Q : TT
∗Q→ T ∗T ∗Q,
which is the unique map that also intertwines two sets of maps:
τT∗Q : TT
∗Q→ T ∗Q, piT∗Q : T ∗T ∗Q→ T ∗Q.
Let τQ : TQ → Q be the tangent projection and the commutative condition for Ω[T∗Q is
given by the following diagram:
TT ∗Q
Ω[T∗Q //
τT∗Q ##
T ∗T ∗Q
piT∗Qzz
T ∗Q
Namely,
piT∗Q ◦ Ω[T∗Q = τT∗Q.
Local Representations of Maps. As before, in a local trivialization, T ∗T ∗Q is repre-
sented by (U × V ∗)× (V ∗ × V ), while TT ∗Q is represented by (U × V ∗)× (V × V ∗). The
map Ω[T∗Q is locally represented by
(q, p, δq, δp) 7→ (q, p,−δp, δq).
Thus, the commutative diagram is verified in a local trivialization since one has
piT∗Q(q, p,−δp, δq) = (q, p),
τT∗Q(q, p, δq, δp) = (q, p).
The Diffeomorphism between T ∗TQ and T ∗T ∗Q. With the elements previously de-
fined, we can define a diffeomorphism between T ∗TQ and T ∗T ∗Q, namely:
γQ = Ω
[
T∗Q ◦ (κQ)−1 : T ∗TQ→ T ∗T ∗Q.
Using the local representation of Ω[T∗Q and of κQ, the map γQ is locally given by
γQ : (q, δq, δp, p) 7→ (q, p,−δp, δq).
The Symplectic Form on TT ∗Q. The manifold TT ∗Q is a symplectic manifold with a
special symplectic form ΩTT∗Q, which can be defined by two distinct ways as the exterior
derivative of two intrinsic but different one-forms.
Now, there exist two one-forms λ and χ given by
λ = (κQ)
∗
ΘT∗TQ, χ =
(
Ω[T∗Q
)∗
ΘT∗T∗Q,
where ΘT∗TQ denotes the canonical one-form on T
∗TQ and ΘT∗T∗Q the canonical one-form
on T ∗T ∗Q.
Using the local coordinates (q, p) and (q, p, δq, δp) of T ∗Q and TT ∗Q, these two one-forms
are denoted by
λ = δp dq + p dδq, χ = −δp dq + δq dp.
Thus, the symplectic form ΩTT∗Q on TT
∗Q associated with λ and χ can be defined by
ΩTT∗Q = dχ = −dλ
= dq ∧ dδp+ dδq ∧ dp.
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Pontryagin Bundle TQ ⊕ T ∗Q. Consider the bundle TQ ⊕ T ∗Q over Q, that is, the
Whitney sum of the tangent bundle and the cotangent bundle over Q, whose fiber at q ∈ Q
is the product TqQ × T ∗qQ. The bundle TQ ⊕ T ∗Q is called the Pontryagin bundle, see
Yoshimura and Marsden [2006a]. Again, using a model space V for Q and a chart domain,
which is an open set U ⊂ V , then TQ × T ∗Q is locally denoted by U × V × U × V ∗ and
TQ⊕ T ∗Q by U × V × V ∗. In this local trivialization, the local coordinates of TQ⊕ T ∗Q
are written
(q, v, p) ∈ U × V × V ∗.
Then, the following three projections are naturally defined:
prTQ : TQ⊕ T ∗Q→ TQ; (q, v, p) 7→ (q, v),
prT∗Q : TQ⊕ T ∗Q→ T ∗Q; (q, v, p) 7→ (q, p),
prQ : TQ⊕ T ∗Q→ Q; (q, v, p) 7→ q.
All the previous developments may be summarized into the following diagram:
Figure 2.1: Iterated Tangent and Cotangent Bundle Structures
3 Lagrangian Submanifolds in Mechanics
As introduced in §2, the spaces TT ∗Q, T ∗TQ, T ∗T ∗Q are interrelated with each other
by two symplectomorphisms κQ : TT
∗Q → T ∗TQ and Ω[T∗Q : TT ∗Q → T ∗T ∗Q, which
play essential roles in the construction of the generalized Legendre transformation origi-
nally developed by Tulczyjew [1977]. In this section, we shall see the theory of Lagrangian
submanifolds using the geometry of these spaces. For the details, see, for instance, Wein-
stein [1971]; Abraham and Marsden [1978]; Weinstein [1979]; Liberman and Marle [1987];
Tulczyjew and Urban´ski [1999]; Yoshimura and Marsden [2006b].
Lagrangian Submanifolds. Given a finite-dimensional symplectic manifold (P,ΩP ), and
a submanifold N with canonical inclusion iN : N ↪→ P , then N is a Lagrangian submanifold
3 Lagrangian Submanifolds in Mechanics 10
if and only if i∗NΩP = 0 and dimN =
1
2dimP . If, locally, ΩP = dΘP , then i
∗
NΩP =
di∗NΘP = 0. So, it follows that there exists a function f : N → R (defined locally) such
that i∗NΘP = df . We call f a generating function of the Lagrangian submanifold N . By
the Poincare´ lemma, locally this is always the case.
It is well known that the cotangent bundle T ∗P of a given finite-dimensional smooth man-
ifold P , equipped with the symplectic two-form ΩT∗P , is a symplectic manifold (T
∗P,ΩT∗P ).
Let α be a closed one-form on P . Then, the image of α, namely Σ = Im (α(P )) ⊂ T ∗P , is
a Lagrangian submanifold of (T ∗P,ΩT∗P ), since α∗ΩT∗P = −dα = 0. Thus, we obtain a
submanifold diffeomorphic to P and transverse to the fibers of T ∗P . As to the details, see
Abraham and Marsden [1978].
A useful extension of the previous construction is given by Tulczyjew [1977] in the
following theorem.
Theorem 3.1 (Tulczyjew). Let M be a smooth manifold, τM : TM → M and piM :
T ∗M → M its tangent and cotangent bundle projections respectively. Let N ⊂ M be a
submanifold and f : N → R a function. Then
Σf =
{
p ∈ T ∗M | piM (p) ∈ N and 〈p, v〉 = 〈df, v〉
for all v ∈ TN ⊂ TM such that τM (v) = piM (p)
}
is a Lagrangian submanifold of T ∗M .
Here, we shall prove this theorem in a different way from Tulczyjew [1977]. Later, we will
show the essential difference in geometry between vakonomic and nonholonomic mechanics
by making use of this proof.
Proof. Assume that qi, i = 1, ...,dimM , are local coordinates for M . Assume also that qa,
a = 1, ...,dimN , are adapted local coordinates for N ⊂ M . Using these local coordinates,
it is easily shown that Σf is a submanifold of T
∗M with dimension equal to 12 dimM . On
the other hand, the submanifold N shall be defined by a set of α = 1, ...,dimM − dimN
constraints in the following way
φα(q) = 0. (3.1)
To finish the proof, we need to show that ΩT∗M , i.e., the symplectic two-form on T
∗M ,
vanishes when we restrict it to N . With this purpose, we take the Lie derivative of (3.1),
which provides
(£vφ
α)(q) :=
d
dt
φα(q(t)) = 〈dφα(q(t)), v(t)〉 = 0, (3.2)
where v(t) = dq(t)/dt. Since 〈 p, v〉 = 〈df, v〉 for all p ∈ T ∗M , where piM (p) ∈ N , it follows
from (3.2) that
p− df = λαdφα,
where λα are Lagrange multipliers. From the previous equation it follows
p = d(f + λαφ
α).
Let us introduce the inclusion map i : Σf ↪→ T ∗M . Using Darboux’s coordinates (q, p) for
T ∗M , one has ΩT∗M = dq ∧ dp. By a direct computation, we arrive to
i∗ΩM = dq ∧ dd(f + λαφα) = 0,
since d2 = 0. This finishes the proof. 
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Vakonomic Lagrangian Submanifolds. Next, we see how the vakonomic mechanics
introduced in §1 may be fit into the context of the Lagrangian submanifold theory. Partic-
ularly, in Tulczyjew’s theorem, setting N = ∆Q, M = TQ and f = L∆Q : ∆Q → R, we can
develop a submanifold of T ∗TQ as
ΣL∆Q =
{
α ∈ T ∗TQ | piTQ(α) ∈ ∆Q and 〈α,w〉 =
〈
dL∆Q , w
〉
for all w ∈ T∆Q ⊂ TTQ such that τTQ(w) = piTQ(α)
}
.
Consider the submanifold ∆Q ⊂ TQ defined by the vanishing of the m local constraints
φα : TQ→ R as
φα(q, q˙) = 0, 1 ≤ α ≤ m < n.
Hence
(T∆Q)
◦ =
{
w = (δq, δq˙) ∈ T(q,q˙)TQ
∣∣ 〈dφα(q, q˙), w〉 = 0} .
Note that the above constraints allow us to consider nonlinear nonholonomic constraints.
Let i∆Q : ∆Q ↪→ TQ be the inclusion of the submanifold; one can take an arbitrary extension
L : TQ→ R such that L ◦ i∆Q = L∆Q . Applying theorem 3.1 we obtain
ΣL∆Q =
{
(q, q˙, p˙, p) ∈ T ∗TQ
∣∣∣∣ p˙ = ∂L∂q + λα ∂φα∂q ,
p =
∂L
∂q˙
+ λα
∂φα
∂q˙
, φα(q, q˙) = 0, 1 ≤ α ≤ m
}
.
(3.3)
By definition this is a Lagrangian submanifold. Recall the local expression of the diffeomor-
phism κQ : TT
∗Q→ T ∗TQ; namely,
(q, p, q˙, p˙) 7→ (q, q˙, p˙, p),
we can construct the Lagrangian submanifold κ−1(ΣL∆Q ) ⊂ TT ∗Q as
κ−1Q (ΣL∆Q ) =
{
(q, p, q˙, p˙) ∈ TT ∗Q
∣∣∣∣ p = ∂L∂q˙ + λα ∂φα∂q˙ ,
p˙ =
∂L
∂q
+ λα
∂φα
∂q
, φα(q, q˙) = 0, 1 ≤ α ≤ m
}
.
(3.4)
The solution curve for the dynamics determined by κ−1Q (ΣL∆Q ) ⊂ TT ∗Q is given by γ : I =
[t1, t2] ⊂ R→ T ∗Q such that
dγ
dt
(I) ⊂ κ−1Q (ΣL∆Q ).
It is apparent that this verifies the set of differential-algebraic equations in (1.2).
Thus, the Lagrangian submanifold κ−1Q (ΣL∆Q ) encloses the vakonomic mechanics, which
we shall call the vakonomic Lagrangian submanifold. An analogous discussion can be
found in Jime´nez, de Leo´n and Mart´ın de Diego [2012].
This development shows the importance of Theorem 3.1 as a key tool in the intrinsic
description of Lagrangian and Hamiltonian dynamics, as well as vakonomic mechanics (see
Tulczyjew [1976a] and Tulczyjew [1976b] for further details).
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The Lagrange-d’Alembert Principle for Nonholonomic Mechanics. Let us now
formulate the nonholonomic mechanics by using the Lagrange-d’Alembert Principle. Let
∆Q ⊂ TQ be a regular distribution given by
∆Q(q) = {q˙ ∈ TqQ | 〈µα(q), q˙〉 = 0, α = 1, ...,m < n} , (3.5)
where the one-forms µα are nonintegrable. Note that we consider the case of linear con-
straints. Given a Lagrangian function L : TQ → R, the dynamics of the nonholonomic
mechanical system is determined by the Lagrange-d’Alembert principle, which states that
a curve q(t), t ∈ I is an admissible motion of the system if
δ
∫ t2
t1
L(q(t), q˙(t)) dt = 0,
where we choose variations δq(t) that satisfy δq(t) ∈ ∆Q(q(t)) at each t and with the
endpoints of q(t) fixed. Assume that rank ∆Q(q) = 2n − m at each point q. Since the
annihilator ∆◦Q is generated by a set of m independent one-forms as
∆◦Q(q) = span
{
µα = µαi (q) dq
i
}
, α = 1, ...,m,
the equations of motion of the nonholonomic mechanics are locally given by
d
dt
(
∂L
∂q˙i
)
− ∂L
∂qi
= λαµ
α
i (q),
µαi (q)q˙
i = 0,
(3.6)
where λα are Lagrange multipliers.
Nonholonomic Dynamical Submanifolds. The dynamics of a mechanical system with
nonholonomic constraints (3.5) may be represented by a submanifold
Σnonh =
{
α ∈ T ∗TQ | piTQ(α) ∈ ∆Q and 〈α,w〉 = 〈dL,w〉
for all w ∈ (TτQ)−1(∆Q) ⊂ TTQ such that τTQ(w) = piTQ(α)
}
.
The main difference with the previous case is that the lifted distribution (TτQ)
−1(∆Q) ⊂
TTQ is given by
(TτQ)
−1(∆Q) =
{
w = (δq, δq˙) ∈ T(q,q˙)TQ
∣∣ TτQ(w) = (q, δq) ∈ ∆Q} .
Recall at this point that the input data defining the nonholonomic dynamics is a Lagrangian
function L : TQ→ R and a regular distribution ∆Q ⊂ TQ, whose annihilator ∆◦Q is spanned
by the m independent one-forms µα. Similar to the definition of the vakonomic Lagrangian
submanifold (3.4), we can define the nonholonomic dynamical submanifold as
κ−1Q
(
Σnonh
)
=
{
(q, p, q˙, p˙) ∈ TT ∗Q
∣∣∣∣ p = ∂L∂q˙ ,
p˙ =
∂L
∂q
+ λαµ
α(q), µαi (q) q˙
i = 0, 1 ≤ α ≤ m
}
.
(3.7)
The solution curve for the dynamics represented by κ−1Q
(
Σnonh
)
is given by σ : I ⊂ R→ Q
such that
dσ
dt
(I) ⊂ ∆Q
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and the induced curve γ : R→ T ∗Q defined by γ = FL (dσdt ) verifies that
dγ
dt
(I) ⊂ κ−1Q
(
Σnonh
)
,
where FL : TQ→ T ∗Q is the Legendre transformation associated with L. Locally, σ must
satisfy equations (3.6). Therefore, κ−1Q
(
Σnonh
)
encloses the nonholonomic dynamics (see
also Jime´nez, de Leo´n and Mart´ın de Diego [2012]).
Now, we have the following proposition for the nonholonomic dynamical submanifold.
Proposition 3.2. The nonholonomic dynamical submanifold κ−1Q
(
Σnonh
)
is not a La-
grangian submanifold of TT ∗Q.
Proof. To prove this proposition, recall that the iterated tangent bundle TT ∗Q has a
symplectic structure defined by ΩTT∗Q, which has the local form ΩTT∗Q = dq∧dp˙+dq˙∧dp,
where (q, p, q˙, p˙) are local coordinates for TT ∗Q.
Using local coordinates, it is clear to see that dimκ−1Q
(
Σnonh
)
= 12 dimTT
∗Q. Let
i : κ−1Q
(
Σnonh
)
↪→ TT ∗Q
be the inclusion defined in (3.7) and we have to check if i∗ΩTT∗Q = 0 does not hold in order
to accomplish the proof. By direct computations, it leads to
i∗ΩTT∗Q =
∂2L
∂qi∂qj
dqi ∧ dqj + ∂
2L
∂qi∂q˙j
dqi ∧ dq˙j + λα ∂µ
α
i
∂qj
dqi ∧ dqj
+
∂2L
∂q˙i∂qj
dq˙i ∧ dqj + ∂
2L
∂q˙i∂q˙j
dq˙i ∧ dq˙j .
It follows from symmetric properties that this reduces to
i∗ΩTT∗Q = λα
∂µαi
∂qj
dqi ∧ dqj .
Thus we conclude i∗ΩTT∗Q 6= 0 since in general ∂µαi /∂qj 6= ∂µαj /∂qi. 
This last result implies that nonholonomic dynamics cannot be described in terms of
Lagrangian submanifolds as we claimed.
Remark. Poisson and almost-Poisson manifolds have been widely used in the geometrical
description of nonholonomic mechanics (see for instance Cantrijn, de Leo´n and Mart´ın de
Diego [1999], Ibort, de Leo´n, Marrero and Mart´ın de Diego [1998], Koon and Marsden
[1998]). A different notion of Lagrangian submanifold (based in Liberman and Marle [1987]
and Vaisman [1994]) has been developed in de Leo´n, Mart´ın de Diego and Vaquero [2012] in
the context of almost-Poisson geometry in order to construct a universal Hamilton-Jacobi
theory including nonholonomic mechanics.
Remark. As shown in equations (1.2) and (3.6), dynamical equations of both vakonomic
and nonholonomic mechanics are clearly different, which comes from the fact that vako-
nomic mechanics can be a Lagrangian submanifold while nonholonomic mechanics cannot.
This difference is clarified from the viewpoint of variational principles; namely, vakonomic
mechanics is purely variational since we impose the constraints on the class of curves before
applying the variations, while the nonholonomic mechanics is not variational since we im-
pose the constraints to variations of curves after taking variations for the action integral. In
other words, for the vakonomic mechanics, the admissible trajectories must lie in ∆Q and
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the admissible variations must be tangent to ∆Q, while for the nonholonomic mechanics,
the admissible variations are generated by infinitesimal variations such that their vertical
lift takes values in T∆Q. Of course, this reflects the fact that nonholonomic mechanics is the
one describing the actual motion of the mechanical systems with nonholonomic constraints,
while vakonomic mechanics is not. For this perspective, see also Gracia, Martin-Solano,
Munoz-Lecanda [2003] and Jozwikowski and Respondek [2013] and references therein. For
a historical review on this topic, see de Leo´n [2012].
4 Dirac Structures in Nonholonomic Mechanics
As shown in the previous section, nonholonomic mechanics cannot be represented by La-
grangian submanifolds. In this section, we shall show how nonholonomic mechanics can
be described in the context of induced Dirac structures and associated implicit Lagrangian
systems, following Yoshimura and Marsden [2006a].
Dirac Structures. We first recall the definition of a Dirac structure on a vector space
V , say finite dimensional for simplicity (see Courant [1990a] and Courant and Weinstein
[1998]). Let V ∗ be the dual space of V , and 〈· , ·〉 be the natural paring between V ∗ and V .
Define the symmetric paring 〈〈·, ·〉〉 on V ⊕ V ∗ by
〈〈 (v, α), (v¯, α¯) 〉〉 = 〈α, v¯〉+ 〈α¯, v〉,
for (v, α), (v¯, α¯) ∈ V ⊕ V ∗. A Dirac structure on V is a subspace D ⊂ V ⊕ V ∗ such that
D = D⊥, where D⊥ is the orthogonal of D relative to the pairing 〈〈·, ·〉〉.
Now let M be a given manifold and let TM ⊕ T ∗M denote the Pontryagin bundle over
M . A subbundle D ⊂ TM ⊕T ∗M is called a Dirac structure on the bundle τM : TM →M ,
when D(x) is a Dirac structure on the vector space TxM at each point x ∈ M . A given
two-form Ω on M together with a distribution ∆M on M determines a Dirac structure on
M as follows1.
Proposition 4.1. The two-form Ω determines a Dirac structure D on M whose fiber is
given for each x ∈M as
D(x) = {(vx, αx) ∈ TxM × T ∗xM | vx ∈ ∆M (x), and
αx(wx) = Ω∆M (vx, wx) for all wx ∈ ∆M (x)},
(4.1)
where ∆M ⊂ TM and Ω∆M is the restriction of Ω to ∆M .
Proof. The orthogonal of D ⊂ TM ⊕ T ∗M at the point x ∈M is given by
D⊥(x) =
{
(ux, βx) ∈ TxM × T ∗xM | αx(ux) + βx(vx) = 0, ∀ vx ∈ ∆M
and 〈αx, wx〉 = Ω∆M (x)(vx, wx) for all wx ∈ ∆M
}
.
In order to prove that D ⊂ D⊥, let (vx, αx), (v′x, α′x) belong to ∈ D(x). Then
〈αx, v′x〉+ 〈α′x, vx〉 = Ω∆M (x)(vx, v′x) + Ω∆M (x)(v′x, vx) = 0,
since Ω∆M (x) is skew-symmetric. Therefore, D ⊂ D⊥.
1Precisely speaking, D is called an almost Dirac structure, while for the case in which the distribution
is integrable, D is called a Dirac structure. In this paper, however, we simply call D the Dirac structure
unless otherwise stated.
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To conclude the proof we shall check that D⊥ ⊂ D. Let (ux, βx) ∈ D(x)⊥. By definition
of D⊥, we have that
〈αx, ux〉+ 〈βx, vx〉 = 0
for all vx ∈ ∆M and 〈αx, wx〉 = Ω∆M (x)(vx, wx) for all wx ∈ ∆M . Choose vx , ux ∈ ∆M
arbitrary vectors. From 〈αx, ux〉+ 〈βx, vx〉 = 0 and the fact that ux ∈ ∆M is an arbitrary
vector we have that
Ω∆M (x)(vx, ux) + βx(vx) = 0 for all vx ∈ ∆M ,
that is βx(vx) = Ω∆M (x)(ux, vx) due to the skew-symmetry of Ω∆M . Thus, (ux, βx) ∈ D(x)
and hence D⊥ ⊂ D, as required. Consequently, D⊥ = D and the claim holds. 
Remark. Of course, the proof above is also valid when ∆M = TM (Ω∆M = Ω) and,
furthermore, either for pre-symplectic or symplectic two-forms since the key property to
accomplish the result is their skew-symmetry. On the other hand, throughout this work
we shall define the Dirac structures in a different but equivalent way to proposition 4.1.
Namely, each two-form Ω on M defines a bundle map Ω[ : TM → T ∗M by Ω[ · v = Ω(v, ·).
Consequently, we may equivalently define D(x) in (4.1) as
D(x) = {(vx, αx) ∈ TxM × T ∗xM | vx ∈ ∆M (x), and αx − Ω[(x) · vx ∈ ∆◦M (x) }.
We call a Dirac structure D integrable if the condition
〈£X1α2, X3〉+ 〈£X2α3, X1〉+ 〈£X3α1, X2〉 = 0
is satisfied for all pairs of vector fields and one-forms (X1, α1), (X2, α2), (X3, α3) that take
values in D, where £X denotes the Lie derivative along the vector field X on M .
Induced Dirac Structures. One of the most important and interesting Dirac structures
in mechanics is the one that is induced from kinematic constraints, either holonomic or
nonholonomic. This Dirac structure plays an essential role in the definition of implicit
Lagrangian systems (or, alternatively, Lagrange-Dirac systems).
Let ∆Q ⊂ TQ be a regular distribution on Q and define a lifted distribution on T ∗Q by
∆T∗Q = (TpiQ)
−1 (∆Q) ⊂ TT ∗Q,
where piQ : T
∗Q→ Q is the canonical projection so that its tangent is a map TpiQ : TT ∗Q→
TQ. Let ΩT∗Q be the canonical two-form on T
∗Q. The induced Dirac structure D∆Q on
T ∗Q, is the subbundle of TT ∗Q⊕ T ∗T ∗Q, whose fiber is given for each pq ∈ T ∗Q as
D∆Q(pq) = {(vpq , αpq ) ∈ TpqT ∗Q× T ∗pqT ∗Q | vpq ∈ ∆T∗Q(pq) and
αpq − Ω[(pq)(vpq ) ∈ ∆◦T∗Q(pq)}.
(4.2)
Local Representation of the Dirac Structure. Let qi be local coordinates onQ so that
locally, Q is represented by an open set U ⊂ Rn. The constraint set ∆Q defines a subspace
of TQ, which we denote by ∆(q) ⊂ Rn at each point q ∈ U . If we let the dimension of the
constraint space be n−m, then we can choose a basis em+1(q), em+2(q), . . . , en(q) of ∆(q).
It is also common to represent constraint sets as the simultaneous kernel of a number of
constraint one-forms; that is, the annihilator of ∆(q), which is denoted by ∆◦(q), is spanned
by such one-forms, that we write as µ1, µ2, . . . , µm. Now writing the projection map piQ :
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T ∗Q→ Q locally as (q, p) 7→ q, its tangent map is locally given by TpiQ : (q, p, q˙, p˙) 7→ (q, q˙).
Thus, we can locally represent ∆T∗Q as
∆T∗Q ∼= {(q, p, q˙, p˙) | q ∈ U, q˙ ∈ ∆(q)} .
Let us denote a point in T ∗T ∗Q by (q, p, α, w), where α is a covector and w is a vector,
notice that the annihilator of ∆T∗Q is locally,
∆◦T∗Q ∼= {(q, p, α, w) | q ∈ U, α ∈ ∆◦(q) and w = 0} .
Recall the symplectomorphism Ω[T∗Q : TT
∗Q→ T ∗T ∗Q is given in local by
Ω[T∗Q(q, p)(q˙, p˙) = (−p˙, q˙).
Thus, it follows from equation (4.2) that the local expression of the induced Dirac structure
is given by
D∆Q(q, p) = {((q, p, q˙, p˙), (q, p, α, w)) | q˙ ∈ ∆(q), w = q˙, and α+ p˙ ∈ ∆◦(q)} . (4.3)
Lagrange-Dirac Dynamical Systems. Following Yoshimura and Marsden [2006a,b], we
shall briefly see the theory of Lagrange-Dirac systems. Let L : TQ → R be a Lagrangian,
possibly degenerate. The differential dL : TQ→ T ∗TQ of L is the one-form on TQ locally
given by
dL(q, v) =
(
q, v,
∂L
∂q
,
∂L
∂v
)
.
Using the canonical diffeomorphism γQ : T
∗TQ→ T ∗T ∗Q, we define the Dirac differential
of L by
dDL := γQ ◦ dL,
which is locally given by
dDL(q, v) =
(
q,
∂L
∂v
,−∂L
∂q
, v
)
,
where (q, v) are local coordinates for TQ, (q, p) for T ∗Q and (q, v, p) for TQ⊕ T ∗Q.
Definition 4.2 (Lagrange-Dirac dynamical systems). The equations of motion of a
Lagrange-Dirac dynamical system (or an implicit Lagrangian system) (Q,∆Q, L) are given
by
((q(t), p(t), q˙(t), p˙(t)),dDL(q(t), v(t))) ∈ D∆Q(q(t), p(t)). (4.4)
Any curve (q(t), v(t), p(t)) ∈ TQ ⊕ T ∗Q, t1 ≤ t ≤ t2 satisfying (4.4) is called a solution
curve of the Lagrange-Dirac dynamical system.
It follows from (4.3) and (4.4) that (q(t), v(t), p(t)), t1 ≤ t ≤ t2 is a solution curve if and
only if it satisfies the implicit Lagrange-d’Alembert equations
p =
∂L
∂v
, q˙ = v ∈ ∆(q), p˙− ∂L
∂q
∈ ∆◦(q). (4.5)
Notice that the equations (4.5) are equal to the nonholonomic equations in (3.6).
Remark. Note that the equation p = ∂L/∂v arises from the equality of the base points
(q, p) and (q, ∂L/∂v) in (4.4).
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Energy Conservation for Implicit Lagrangian Systems. Let (Q,∆Q, L) be a Lagrange-
Dirac dynamical system. Define the generalized energy function E on TQ⊕ T ∗Q by
E(q, v, p) = 〈p, v〉 − L(q, v).
If (q(t), v(t), p(t)) in TQ⊕T ∗Q is a solution curve of the Lagrange-Dirac system (Q,∆Q, L),
then the energy E(q(t), v(t), p(t)) is constant along the solution curve. This is shown as
follows:
d
dt
E = 〈p˙, v〉+ 〈p, v˙〉 −
〈
∂L
∂q
, q˙
〉
−
〈
∂L
∂v
, v˙
〉
=
〈
p˙− ∂L
∂q
, v
〉
,
which vanishes since q˙ = v ∈ ∆(q) and since p˙− ∂L/∂q ∈ ∆◦(q).
The Lagrange-d’Alembert-Pontryagin Principle.(Yoshimura and Marsden [2006b])
Let us see how the Lagrange-Dirac dynamical system can be developed from the Lagrange-
d’Alembert-Pontryagin principle for a curve (q(t), v(t), p(t)), t1 ≤ t ≤ t2, in TQ ⊕ T ∗Q,
which is given by
δ
∫ t2
t1
[
L(q(t), v(t)) + 〈p(t), q˙(t)− v(t)〉
]
dt
= δ
∫ t2
t1
[
〈p(t), q˙(t)〉 − E(q(t), v(t), p(t))
]
dt
= 0
(4.6)
for chosen variations δq(t) ∈ ∆Q(q(t)) and with the constraint v(t) ∈ ∆Q(q(t)). Keeping
the endpoints of q(t) fixed, we have∫ t2
t1
[〈
∂L
∂q
− p˙, δq
〉
+
〈
∂L
∂v
− p, δv
〉
+ 〈δp, q˙ − v〉
]
dt = 0 (4.7)
for variations δq(t) ∈ ∆Q(q(t)), for all δv(t) and δp(t), and with v(t) ∈ ∆Q(q(t)).
Thus, we obtain the local expression of the Lagrange-Dirac dynamical system in (4.5)
from the Lagrange-d’Alembert-Pontryagin principle in (4.7).
For the case in which ∆Q = TQ, this recovers the Hamilton-Pontryagin principle, which
induces the implicit Euler-Lagrange equations.
Dirac Structures in Hamiltonian Systems. In general, the standard Dirac structure
DP on a manifold P is given by the graph of a skew-symmetric bundle map over P as shown
above. The Hamilton-Dirac system can be given by a pair (DP , H) that satisfies, for each
z ∈ P ,
(z˙,dH(z)) ∈ DP (z), (4.8)
where H : P → R denotes a Hamiltonian. The idea was shown by van der Schaft and
Maschke [1995] to the case of a nontrivial distribution ∆P ⊂ TP on a Poisson manifold P ,
which is called implicit Hamiltonian systems.
For the case P = T ∗Q, using the usual local coordinates z = (q, p) leads to the canonical
Dirac structure and the standard Hamiltonian system. The standard Hamiltonian equations
can be also formulated by Hamilton’s phase space principle (see Yoshimura and Marsden
[2006b]):
δ
∫ t2
t1
[
〈p, q˙〉 −H(q, p)
]
dt = 0
with the fixed endpoint conditions δq(t1) = δq(t2) = 0.
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Intrinsically, Hamilton’s phase space principle is described by
δ
∫ t2
t1
[
〈ΘP (z), z˙〉 −H(z)
]
dt = 0,
where ΘP is a one-form on P , which may induce under the condition of the variation of the
curves fixed at the endpoints:
iz˙ΩP (z) = dH(z),
where ΩP = −dΘP . The above construction is clearly consisted with the construction using
the canonical Dirac structure as in (4.8).
5 Lagrange-Dirac Systems in Vakonomic Mechanics
The Hamilton-Pontryagin Principle for Vakonomic Lagrangians. Let us consider
the Hamilton-Pontryagin principle for vakonomic Lagrangians. To do this, let L : TQ→ R
be a Lagrangian, possibly degenerate, and consider the following nonholonomic constraints:
φα(q, v) = 0, α = 1, ...,m < n;
where (q, v) are the local coordinates of TQ.
Definition 5.1. Define a vakonomic Lagrangian L : TQ× V ∗ → R by
L(q, v, λ) := L(q, v) + λα φ
α(q, v), (5.1)
where L : TQ → R is the usual Lagrangian and we consider λα as the local coordinates of
the dual vector space V ∗. Define also the vakonomic Lagrangian energy EL : (TQ ⊕
T ∗Q)× V ∗ → R by
EL(q, v, p, λ) := 〈p, v〉 − L(q, v, λ),
where (q, v, p, λ) are local coordinates of the vakonomic Pontryagin bundle (TQ⊕T ∗Q)×
V ∗.
Proposition 5.2. Let L : TQ × V ∗ → R be a (possibly degenerate) Lagrangian function.
Define the action functional∫ t2
t1
[
L(q(t), v(t), λ(t)) + 〈p(t), q˙(t)− v(t)〉
]
dt
=
∫ t2
t1
[
〈p(t), q˙(t)〉 − EL(q, v, p, λ)
]
dt.
(5.2)
Keeping the endpoints of q(t) fixed, whereas the endpoints of v(t), p(t) and λ(t) are allowed
to be free, the stationary condition for this action functional induces the local implicit
vakonomic Euler-Lagrange equations:
p =
∂L
∂v
, q˙ = v, p˙ =
∂L
∂q
, 0 =
∂L
∂λ
, (5.3)
which are restated by
p =
∂L
∂v
+ λα
∂φα
∂v
, q˙ = v, p˙ =
∂L
∂q
+ λα
∂φα
∂q
, φα(q, q˙) = 0. (5.4)
Notice that the above equations are equivalent with (1.2).
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Proof. By direct computations, the variation of the action functional (5.2) is given by
δ
∫ t2
t1
[
L(q(t), v(t), λ(t)) + 〈p(t), q˙(t)− v(t)〉
]
dt =
∫ t2
t1
[〈
∂L
∂q
− p˙, δ q
〉
+
〈
∂L
∂v
− p, δ v
〉
+
〈
∂L
∂λ
, δλ
〉
+ 〈q˙ − v, δ p〉
]
dt+ 〈p, δq〉
∣∣∣∣t2
t1
,
where integration by parts has been taken into account. Keeping the endpoints of q(t)
fixed, namely, δq(t1) = δq(t2) = 0, the stationarity condition for the action functional
with free variations (δq, δv, δλ, δp) provides the set of equations (5.3), which lead to (5.4)
straightforwardly from the definition of L. 
We call the above variational principle as the Hamilton-Pontryagin principle for
the vakonomic Lagrangian L(q, v, λ).
The Intrinsic Implicit Vakonomic Euler-Lagrange Equations. Our next purpose
is to develop an intrinsic form for the vakonomic Euler-Lagrange equations.
Let ΘT∗Q be the canonical one-form on T
∗Q and thus ΩT∗Q = −dΘT∗Q is the canonical
two-form on T ∗Q. Define the projections
prT∗Q : (TQ⊕ T ∗Q)× V ∗ → T ∗Q; (q, v, p, λ) 7→ (q, p),
prQ : (TQ⊕ T ∗Q)× V ∗ → Q; (q, v, p, λ) 7→ q.
One can define a pre-symplectic form Ω on (TQ⊕ T ∗Q)× V ∗ by
Ω := pr∗T∗QΩT∗Q. (5.5)
In the above, notice that Ω = −dΘ holds since Θ := pr∗T∗QΘT∗Q is the one-form on
(TQ⊕ T ∗Q)× V ∗. Thus, it follows
Θ(q, v, p, λ) = p dq, Ω(q, v, p, λ) = dq ∧ dp.
Definition 5.3. Let x(t) = (q(t), v(t), p(t), λ(t)), t ∈ [t1, t2] be a curve in (TQ⊕T ∗Q)×V ∗.
Let us define the action functional for x(t) by∫ t2
t1
[
〈Θ(x(t)) , x˙(t)〉 − EL(x(t))
]
dt, (5.6)
which is the intrinsic expression of (5.2).
Proposition 5.4. Under the endpoints of q(t) = prQ(x(t)) fixed, the stationarity condition
of the action functional (5.6) singles out a critical curve x(t) that satisfies the intrinsic
implicit vakonomic Euler-Lagrange equations:
ix˙(t)Ω(x(t)) = dEL(x(t)). (5.7)
Proof. The stationarity condition of the action functional is given by
δ
∫ t2
t1
[
〈Θ(x(t)), x˙(t)〉 − EL(x(t))
]
dt
=
∫ t2
t1
〈
ix˙(t)Ω(x(t))− dEL(x(t)), δx(t)
〉
dt+ 〈Θ(x(t)) , δx(t)〉
∣∣∣∣t2
t1
= 0,
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for all variations δx(t) = (δq(t), δv(t), δp(t), δλ(t)) with the endpoints of q(t) = prQ(x(t))
fixed. Thus, one obtains equation (5.7)
In fact, the left-hand side of (5.7) is locally given by
ix˙(t)Ω(x(t)) = (−p˙) dq + q˙ dp
and the right-hand side is denoted by
dEL(q, v, p, λ) =
〈
∂EL
∂q
, dq
〉
+
〈
∂EL
∂v
, dv
〉
+
〈
dp,
∂EL
∂p
〉
+
〈
dλ,
∂EL
∂λ
〉
=
〈
−∂L
∂q
, dq
〉
+
〈
p− ∂L
∂v
, dv
〉
+ 〈dp, v〉+
〈
dλ,
∂L
∂λ
〉
.
Thus, the equation (5.7) leads to the local expression of the implicit vakonomic Euler-
Lagrange equations given in (5.3). 
We call the above variational principle the Hamilton-Pontryagin principle for the
vakonomic Lagrangian.
The Lagrange-Dirac Dynamical System on (TQ ⊕ T ∗Q) × V ∗. Recall that we can
naturally define a presymplectic form Ω on (TQ⊕T ∗Q)×V ∗ as in (5.5). Then, we can also
define the associated bundle map
Ω
[
: T ((TQ⊕ T ∗Q)× V ∗)→ T ∗ ((TQ⊕ T ∗Q)× V ∗)
by, for x ∈ (TQ⊕ T ∗Q)× V ∗,
Ω
[
(x) · x˙ = ix˙(t)Ω(x).
Definition 5.5. Define the Dirac structure on (TQ⊕T ∗Q)×V ∗ by using the pre-symplectic
two-form (5.5) as
D = graph Ω
[ ⊂ T ((TQ⊕ T ∗Q)× V ∗)⊕ T ∗ ((TQ⊕ T ∗Q)× V ∗) .
Proposition 5.6. The equations of motion of the vakonomic Lagrange-Dirac dynamical
system (D,EL) are given by, for each x ∈ (TQ⊕ T ∗Q)× V ∗,
(x˙,dEL(x)) ∈ D(x). (5.8)
Using local coordinates x = (q, v, p, λ) ∈ (TQ⊕ T ∗Q)× V ∗, equation (5.8) induces the local
implicit vakonomic Euler-Lagrange equations in (5.3).
Proof. The Dirac structureD is locally denoted, for each x = (q, v, p, λ) ∈ (TQ⊕T ∗Q)×V ∗,
by
D(x) =
{(
(q˙, v˙, p˙, λ˙), (α, β, w, u)
)
| w = q˙, β = 0, α+ p˙ = 0, and, u = 0
}
, (5.9)
where (α, β, w, u) ∈ T ∗x ((TQ⊕T ∗Q)×V ∗). The particular local form of (5.9) follows directly
from Ω = dq ∧ dp, more concretely ix˙Ω = (−p˙, 0, q˙, 0). Consequently, it follows from (5.8)
and (5.9) that one can obtain the implicit vakonomic Euler-Lagrange equations in (5.3)
when setting (α, β, w, u) = dEL(q, v, p, λ), namely
dEL(q, v, p, λ) =
(
∂EL
∂q
,
∂EL
∂v
,
∂EL
∂p
,
∂EL
∂λ
)
.

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The Vakonomic Dirac Differential Operator. In the previous paragraph we have de-
fined the vakonomic Lagrange-Dirac dynamical system in terms of the pair (D,EL). Here,
by analogy with the construction of implicit Lagrangian systems, we shall define an alter-
native notion of vakonomic Lagrange-Dirac system. To do this, we introduce the following
isomorphisms:
ι1 : T
∗(TQ× V ∗)→ T ∗TQ× T ∗V ∗; (q, δq, λ, δp, p, w) 7→ (q, δq, δp, p, λ, w),
and
ι2 : T
∗(T ∗Q× V ∗)→ T ∗T ∗Q× T ∗V ∗; (q, p, λ,−δp, δq, w) 7→ (q, p,−δp, δq, λ, w),
where (λ,w) ∈ T ∗V ∗. Then, we define a diffeomorphism γ˜Q between T ∗(T ∗Q × V ∗) and
T ∗(TQ× V ∗) as
γ˜Q := ι
−1
2 ◦ (γQ × Id) ◦ ι1 : T ∗(TQ× V ∗)→ T ∗(T ∗Q× V ∗);
(q, δq, λ, δp, p, w) 7→ (q, p, λ,−δp, δq, w),
(5.10)
where Id : T ∗V ∗ → T ∗V ∗ is the identity map.
Given a vakonomic Lagrangian L(q, v, λ) on TQ × V ∗, its differential is a one-form
dL : TQ× V ∗ → T ∗(TQ× V ∗), which may be locally described by
dL(q, v, λ) =
(
q, v, λ,
∂L
∂q
,
∂L
∂v
,
∂L
∂λ
)
.
Using the diffeomorphism γ˜Q in (5.10), we can define a differential operator dD called the
vakonomic Dirac Differential of L by
dDL := γ˜Q ◦ dL. (5.11)
Namely, the map dDL : TQ× V ∗ → T ∗(T ∗Q× V ∗) is locally given by
dDL(q, v, λ) =
(
q,
∂L
∂v
, λ,−∂L
∂q
, v,
∂L
∂λ
)
. (5.12)
Pre-symplectic Form on T ∗Q× V ∗ Using the natural projection
p̂rT∗Q : T
∗Q× V ∗ → T ∗Q; (q, p, λ) 7→ (q, p),
we can define a pre-symplectic structure Ω̂ on T ∗Q× V ∗ by
Ω̂ := p̂r∗T∗QΩT∗Q, (5.13)
which is given in local form, for each (q, p, λ) ∈ T ∗Q× V ∗, by
Ω̂(q, p, λ)
(
(q˙, p˙, λ˙), (δq, δp, δλ)
)
= 〈δp, q˙〉 − 〈p˙, δq〉 .
Associated with Ω̂, we have the bundle map
Ω̂[ : T (T ∗Q× V ∗)→ T ∗(T ∗Q× V ∗),
which is locally denoted by
(q, p, λ, δq, δp, δλ) 7→ (q, p, λ,−δp, δq, 0).
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Dirac Structure on T ∗Q × V ∗. Before constructing the Lagrange-Dirac system for the
vakonomic mechanics, we shall define a Dirac structure on T ∗Q× V ∗ as in the below.
Definition 5.7. Define a Dirac structure D̂ on T ∗Q×V ∗ by using the pre-symplectic form
Ω̂ in (5.13) as
D̂ = graph Ω̂[ ⊂ T (T ∗Q× V ∗)⊕ T ∗ (T ∗Q× V ∗) .
Proposition 5.8. The Dirac structure D̂ on T ∗Q×V ∗ is locally denoted, for each (q, p, λ) ∈
T ∗Q× V ∗, by
D̂(q, p, λ) =
{(
(q˙, p˙, λ˙), (α, u, w)
)
| u = q˙, α+ p˙ = 0, and, w = 0
}
, (5.14)
where we denote (α, u, w) ∈ T ∗(TQ× V ∗).
Proof. Again, the claim follows from the particular local form of Ω̂ given by (5.13), namely
Ω̂ = dq ∧ dp. Therefore, if
(
(q˙, p˙, λ˙), (α, u, w)
)
∈ D̂(q, p, λ) it follows that
Ω̂
(
(q˙, p˙, λ˙), ·
)
= (−p˙, q˙, 0) = (α, u, w),
which finishes the proof. 
The Vakonomic Lagrange-Dirac Systems on T ∗Q × V ∗. We give the definition of
vakonomic Lagrange-Dirac systems on T ∗Q× V ∗ as follows:
Definition 5.9. Let L : TQ×V ∗ → R be a given Lagrangian function (possibly degenerate).
Let (q(t), v(t), p(t), λ(t)), t ∈ [t1, t2], be a curve in (TQ⊕T ∗Q)×V ∗. The equations of motion
for the vakonomic Lagrange-Dirac system (D̂,L) are given by
((q˙(t), p˙(t), λ˙(t)),dDL(q(t), v(t), λ(t))) ∈ D̂(q(t), p(t), λ(t)). (5.15)
Proposition 5.10. The curve (q(t), v(t), p(t), λ(t)) is a solution curve of the vakonomic
Lagrange-Dirac system on T ∗Q× V ∗ in (5.15) if and only if it verifies
i(q˙(t),p˙(t),λ˙(t))Ω̂(q(t), p(t), λ(t)) = dDL(q(t), v(t), λ(t))), (5.16)
which are locally denoted by equations in (5.3).
Proof. By definition, we have
D̂ = graph Ω̂[
and hence it follows from (5.15) that, for the solution curve (q(t), v(t), p(t), λ(t)),
Ω̂[(q, p, λ)
(
q˙, p˙, λ˙
)
= dDL(q, v, λ).
Since Ω̂[(q, p, λ)(q˙, p˙, λ˙) := i(q˙,p˙,λ˙)Ω̂(q, p, λ) on the left-hand side of the above equation, we
obtain the implicit vakonomic Euler-Lagrange equations (5.16).
Locally, we have
Ω̂[(q, p, λ)
(
q˙, p˙, λ˙
)
= (−p˙, q˙, 0),
while we recall that
dDL(q, v, λ) =
(
−∂L
∂q
, v,
∂L
∂λ
)
,
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such that the base point holds:
(q, p) =
(
q,
∂L
∂v
)
.
Therefore, we arrive to
p =
∂L
∂v
, p˙ =
∂L
∂q
, q˙ = v,
∂L
∂λ
= 0,
which are equations (5.3). 
Needless to say, equations (5.16) are equal to the implicit vakonomic Euler-Lagrange
equations in (5.7).
Now we have described the vakonomic dynamics from several points of view; namely, the
Hamilton-Pontryagin variational principle as well as the intrinsic Lagrange-Dirac dynamical
systems using Dirac structures. Our results may be summarized in the following theorem:
Theorem 5.11. The following statements are equivalent:
1. The Hamilton-Pontryagin principle for the following action integral∫ t2
t1
{L(q(t), v(t), λ(t)) + 〈p(t), q˙(t)− v(t)〉} dt
holds for any variations of q(t) with fixed endpoints.
2. The curve (q(t), v(t), p(t), λ(t)) ∈ (TQ ⊕ T ∗Q) × V ∗, t ∈ [t1, t2], satisfies the implicit
vakonomic Euler-Lagrange equations
ix˙(t)Ω(x(t)) = dEL(x(t)),
which are locally given by
p =
∂L
∂v
, q˙ = v, p˙ =
∂L
∂q
, 0 =
∂L
∂λ
.
3. The curve (q(t), v(t), p(t), λ(t)), t ∈ [t1, t2] is a solution curve of the vakonomic Lagrange-
Dirac dynamical system (D,EL) which satisfies(
(q˙(t), v˙(t), p˙(t), λ˙(t)),dEL(q(t), v(t), p(t), λ(t))
)
∈ D(q(t), v(t), p(t), λ(t)).
4. The curve (q(t), v(t), p(t), λ(t)) is a solution curve of the vakonomic Lagrange-Dirac
dynamical system (D̂,L) which satisfies
((q˙(t), p˙(t), λ˙(t)),dDL(q(t), v(t), λ(t))) ∈ D̂(q(t), p(t), λ(t)),
which is equivalent to
i(q˙(t),p˙(t),λ˙(t))Ω̂(q(t), p(t), λ(t)) = dDL(q(t), v(t), λ(t))).
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6 Examples
The Vertical Rolling Disk. Let us consider the following problem for a disk of radius
R and unit mass m = 1 which rolls on a horizontal plane. The configuration space for this
system can be identified with Q = R2×S1×S1. By (x, y) we denote the coordinates of the
point of contact of the disk with the plane and (θ, ϕ) give, respectively, the angle between
the disk and the x axis, and the angle of rotation between a fixed diameter in the disk and
the y axis. Therefore, we will use the coordinate notation q = (x, y, θ, ϕ) ∈ Q.
Given the endpoints of q(t) fixed, we want to find the trajectories of the disk connecting
such points that minimize the energy consumption. Assume that the disk rolls on a plane
without slipping, which is given by the following nonholonomic constraints:
φ1(x, y, θ, ϕ, x˙, y˙, θ˙, ϕ˙) = x˙ sin θ − y˙ cos θ = 0,
φ2(x, y, θ, ϕ, x˙, y˙, θ˙, ϕ˙) = x˙ cos θ + y˙ sin θ −R ϕ˙ = 0.
As in §1, this is considered as an optimal control problem by setting B = Q, N = TQ and
pi : TQ → Q. Using local coordinates (q, v) = (x, y, θ, ϕ, vx, vy, vθ, vϕ), the cost function is
given by the following Lagrangian L : TQ→ R:
L(x, y, θ, ϕ, vx, vy, vθ, vϕ) =
1
2
(v2x + v
2
y + I1v
2
θ + I2v
2
ϕ),
where I1 and I2 denote the momenta of inertia.
In fact, in this framework we regard the velocities as the control variables. Solving
this optimal control problem is precisely the same as the vakonomic problem associated to
the vertical rolling disk for the vakonomic Lagrangian on TQ × V ∗ by incorporating the
nonholonomic constraints as
L(x, y, θ, ϕ, vx, vy, vθ, vϕ, λ1, λ2) = L(x, y, θ, ϕ, vx, vy, vθ, vϕ)
+λ1 φ
1(x, y, θ, ϕ, vx, vy, vθ, vϕ) + λ2 φ
2(x, y, θ, ϕ, vx, vy, vθ, vϕ).
In the above, (λ1, λ2) ∈ V ∗ are Lagrange multipliers, where we set V = R2.
For each point x = (q, v, p, λ) ∈ (TQ⊕ T ∗Q)× V ∗, we employ the local coordinates
x = (x, y, θ, ϕ, vx, vy, vθ, vϕ, px, py, pθ, pϕ, λ1, λ2).
Then the Hamilton-Pontryagin principle for L yields the equations of motion:
x˙ = vx, y˙ = vy, θ˙ = vθ, ϕ˙ = vϕ,
px = vx + λ1 sin θ, p˙x = 0,
py = vy − λ1 cos θ, p˙y = 0,
pθ = I1 vθ, p˙θ = λ1 (vx cos θ + vy sin θ) + λ2 (−vx sin θ + vy cos θ) ,
pϕ = I2 vϕ − λ2R, p˙ϕ = 0,
(6.1)
together with the nonholonomic constraints:
vx sin θ − vy cos θ = 0, vx cos θ + vy sin θ −Rvϕ = 0.
Next, we shall see how the vakonomic Lagrange-Dirac system can be constructed by using
a Dirac structure D̂ on T ∗Q× V ∗. Associated with the vakonomic Lagrangian L(q, v, λ) on
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TQ×V ∗, its differential is a one-form dL : TQ×V ∗ → T ∗(TQ×V ∗), which may be locally
described by
dL = (x, y, θ, ϕ, vx, vy, vθ, vϕ, λ1, λ2,
∂L
∂x
,
∂L
∂y
,
∂L
∂θ
,
∂L
∂ϕ
,
∂L
∂vx
,
∂L
∂vy
,
∂L
∂vθ
,
∂L
∂vϕ
,
∂L
∂λ1
,
∂L
∂λ2
)
.
Then, the vakonomic Dirac differential of L is denoted by
dDL =
(
x, y, θ, ϕ,
∂L
∂vx
,
∂L
∂vy
,
∂L
∂vθ
,
∂L
∂vϕ
, λ1, λ2,
−∂L
∂x
,−∂L
∂y
, −∂L
∂θ
, −∂L
∂ϕ
, vx, vy, vθ, vϕ,
∂L
∂λ1
,
∂L
∂λ2
)
.
It follows from the condition of the vakonomic Lagrange-Dirac system, namely
((q˙(t), p˙(t), λ˙(t)),dDL(q(t), v(t), λ(t))) ∈ D̂(q(t), p(t), λ(t)),
that 
0 0 0 0 −1 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 0
0 0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 −1 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0


x˙
y˙
θ˙
ϕ˙
p˙x
p˙y
p˙θ
p˙ϕ
λ˙1
λ˙2

=

−∂L∂x
−∂L∂y
−∂L∂θ
−∂L∂ϕ
vx
vy
vθ
vϕ
∂L
∂λ1
∂L
∂λ2

,
where
px =
∂L
∂vx
, py =
∂L
∂vy
, pθ =
∂L
∂vθ
, pϕ =
∂L
∂vϕ
.
Needless to say, the above matrix equation are equivalent with the implicit vakonomic Euler-
Lagrange equations given in (6.1).
The Vakonomic Particle. A particle of unit mass evolving in Q = R3 subject to the
nonholonomic constraint φ(x, y, z, x˙, y˙, z˙) = z˙ − yx˙ = 0. Using local coordinates (q, v) =
(x, y, z, vx, vy, vz) the Lagrangian is given by L =
1
2
(
v2x + v
2
y + v
2
z
)
, while the vakonomic
Lagrangian is
L =
1
2
(
v2x + v
2
y + v
2
z
)
+ λ(vz − y vx).
For each point x = (q, v, p, λ) ∈ (TQ⊕ T ∗Q)× V ∗ we employ the local coordinates
x = (x, y, z, vx, vy, vz, px, py, pz, λ).
The Hamilton-Pontryagin principle for the vakonomic Lagrangian, we obtain the implicit
vakonomic Euler-Lagrange equations are given by
vx = x˙, vy = y˙, vz = z˙,
px = vx − λ y, p˙x = 0,
py = vy, p˙y = −λ vx,
pz = vz + λ, p˙z = 0,
6 Examples 26
together with the nonholonomic constraints
vz − y vx = 0.
Now we construct the implicit vakonomic Lagrangian system using the Dirac structure D̂.
Noting
dDL =
(
x, y, z,
∂L
∂vx
,
∂L
∂vy
,
∂L
∂vz
, λ,−∂L
∂x
,−∂L
∂y
, −∂L
∂z
, vx, vy, vz,
∂L
∂λ
)
,
it follows from the condition
((q˙(t), p˙(t), λ˙(t)),dDL(q(t), v(t), λ(t))) ∈ D̂(q(t), p(t)λ(t))
that the implicit vakonomic Euler-Lagrange equations are obtained as
0 0 0 −1 0 0 0
0 0 0 0 −1 0 0
0 0 0 0 0 −1 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0


x˙
y˙
z˙
p˙x
p˙y
p˙z
λ˙

=

−∂L∂x
−∂L∂y
−∂L∂z
vx
vy
vz
∂L
∂λ

,
where
px =
∂L
∂vx
, py =
∂L
∂vy
, pz =
∂L
∂vz
.
The Vakonomic Skate. Consider a plane Ξ with Cartesian coordinates (x, y) of the
contact point of the skate with the plane, and slanted at an angle α (which is fixed). Let ϕ
be an angle which denotes the orientation of the skate measured from the x axis. Thus, we
shall consider Q = R2 × S1 as the configuration manifold of this system. Suppose that the
skate is moving under the gravitational force, where we denote by g the acceleration due to
gravity. Let m and J be the mass and the moment inertia of the skate about a vertical axis
through its contact point respectively. The nonholonomic constraint is given by
φ(x, y, ϕ, x˙, y˙, ϕ˙) = sinϕ x˙− cosϕ y˙ = 0,
while the mechanical Lagrangian reads
L =
m
2
(
x˙2 + y˙2
)
+
J
2
ϕ˙2 +mg x sinα.
Using coordinates x = (q, v, p, λ) ∈ (TQ⊕ T ∗Q)× V ∗,
x = (x, y, ϕ, vx, vy, vϕ, px, py, pϕ, λ).
the vakonomic Lagrangian reads
L =
m
2
(v2x + v
2
y) +
J
2
v2ϕ +mg x sinα+ λ (sinϕvx − cosϕvy) .
The Hamilton-Pontryagin principle for the vakonomic Lagrangian induces the implicit vako-
nomic Euler-Lagrange equations given by the following set of differential-algebraic equations:
x˙ = vx, y˙ = vy, ϕ˙ = vϕ,
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px = mvx + λ sinϕ, p˙x = mg sinα,
py = mvy − λ cosϕ, p˙y = 0,
pϕ = Jvϕ p˙ϕ = λ (cosϕvx + sinϕvy),
together with the constraints
sinϕvx − cosϕvy = 0.
Now we construct the implicit vakonomic Lagrangian system using the Dirac structure D̂.
In this case, one has
dDL =
(
x, y, ϕ,
∂L
∂vx
,
∂L
∂vy
,
∂L
∂vϕ
, λ, −∂L
∂x
,−∂L
∂y
, −∂L
∂ϕ
, vx, vy, vϕ,
∂L
∂λ
)
and it follows from
((q˙(t), p˙(t), λ˙(t)),dDL(q(t), v(t), λ(t))) ∈ D̂(q(t), p(t), λ(t))
that the implicit vakonomic Euler-Lagrange equations are obtained as
0 0 0 −1 0 0 0
0 0 0 0 −1 0 0
0 0 0 0 0 −1 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0


x˙
y˙
ϕ˙
p˙x
p˙y
p˙ϕ
λ˙

=

−∂L∂x
−∂L∂y
−∂L∂ϕ
vx
vy
vϕ
∂L
∂λ

,
where
px =
∂L
∂vx
, py =
∂L
∂vy
, pϕ =
∂L
∂vϕ
.
7 Conclusions and Future Works
We have explored vakonomic mechanics in the context of Dirac structures and its associ-
ated Lagrange-Dirac systems. First, we have shown that the Lagrangian submanifold the-
ory cannot represent nonholonomic mechanics, but vakonomic mechanics can be properly
described on a Lagrangian submanifold. Second, we have shown the Lagrange-Dirac dynam-
ical formalism, especially, employing the symplectomorphisms among the iterated tangent
and cotangent bundles TT ∗Q, T ∗TQ and T ∗T ∗Q. Then, we have defined a vakonomic La-
grangian on TQ×V ∗ by incorporating nonholonomic constraints into a given Lagrangian on
TQ. Moreover, we have introduced its associated energy on the vakonomic Pontryagin bun-
dle (TQ⊕T ∗Q)×V ∗. Employing this energy, we have shown that the Hamilton-Pontryagin
principle provides the implicit Euler-Lagrange equations for the vakonomic Lagrangian. We
have also shown that one can develop a Dirac structure on (TQ⊕T ∗Q)×V ∗ and its associ-
ated vakonomic Lagrange-Dirac system, which yields the implicit vakonomic Euler-Lagrange
equations. Furthermore, we have established another Dirac structure on T ∗Q × V ∗ by ex-
tending the formula given in Yoshimura and Marsden [2006a]. To do this, we have introduced
the bundle maps Ω̂[ : T (T ∗Q×V ∗)→ T ∗(T ∗Q×V ∗) and γ˜Q : T ∗(T ∗Q×V ∗)→ T ∗(TQ×V ∗)
in order to define the Dirac differential for the vakonomic Lagrangian on TQ× V ∗. Finally,
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we have illustrated our theory by some examples such as the vakonomic particle, the vako-
nomic skate and the vertical rolling coin.
We hope that the framework of vakonomic Lagrange-Dirac mechanics proposed in this
paper can be explored further. In particular, the following researches are of our concern for
future work:
• Symmetry reduction: We are interested in the vakonomic Lagrange-Dirac systems with
symmetry (see for instance Mart´ınez, Corte´s and de Leo´n [2001]) and is our intention
to establish a Dirac reduction theory for this.
• Discrete vakonomic Lagrange-Dirac mechanics: In parallel with what we have done
in the continuous setting of the vakonomic Lagrange-Dirac systems in this paper, its
discrete analogue shall be developed.
• Applications to optimal control problems: Due to the relationship of vakonomic me-
chanics and optimal control theory, and the applications of the latter to vehicles, space
missions design, etc.; it is our aim to explore further vakonomic Lagrange-Dirac systems
in this direction.
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